Temperature and thermal stress in cylindrical vessels were analysed for the thermal stratification of contained fluid. Two kinds of temperature analysis results were obtained such as the exact temperature solution of eigenfunction series and the simple approximate one by the temperature profile method. Furthermore, thermal stress shell solutions were obtained for the simple approximate temperatures. Through comparison with FEM analyses, these solutions were proved to be adequate. The simple temperature solution is described by one parameter that is the temperature decay coefficient. The thermal stress shell solutions are described by two parameters. One is the ratio between the temperature decay coefficient and the load decay coefficient. Another is the nondimensional width of stratification. These solutions are so described by few parameters that those are suitable for the simplified thermal stress evaluation charts. These charts enable quick and accurate thermal stress evaluations of cylindrical vessel of this problem compared with conventional methods.
Introduction
Various thermal loads are induced in a system under elevated temperatures, such as a nuclear power plant. The load caused by the thermal stratification of contained fluid is one of those loads. (1) Under the condition of insufficient forced-convection mixture, the thermal stratification, in which a denser fluid layer of lower temperature is located beneath a lighter fluid layer of higher temperature, may be caused and maintained for a long time. In a conventional simplified vessel stress evaluation, Timoshenko's cylindrical shell stress solution (2) , which approximates an axial vessel temperature profile consisting of a straight line with the maximum fluid temperature gradient, was often used. The conventional method gives a conservative evaluation of thermal stress that is proportional to the temperature gradient, and hence leads to a narrower design range. In an actual condition, thermal stress is more reduced compared with that from the above conservative evaluation because of relatively moderated temperature profile due to heat transfer between a vessel and fluid and heat conduction in a vessel, as well as the cancellation of stresses at both ends of the thermal stratification section that have opposite signs generated by the reverse Vol. 2, No. 4, 2008 temperature changes. The consideration of such effect requires an FEM heat conduction analysis taking into account the heat transfer with fluid and the subsequent FEM thermal stress analysis based on the above result. However, since the FEM analyses are not suitable for a design work which places a higher priority to getting a rapid perspective and estimation, a more simplified method is anticipated.
In order to answer the anticipation, this paper discusses the steady-state vessel temperature analysis based on a model shown in Fig. 1 taking into account the heat transfer with fluid and heat conduction, as well as the subsequent cylindrical shell stress analysis using the temperature result. The analysis results are compiled into easy-to-use charts. Based on the results, a simplified thermal stress evaluation method with high precision is proposed. 
Theoretical Analysis

Step-shaped Fluid Temperature Profile
The analysis model is shown in Fig. 1 . It is assumed that the radius of a cylindrical vessel, R, is enough larger than the vessel thickness, t, (R >> t), so that the vessel wall can be considered as a flat plane. Here, λ is thermal conductivity of the vessel. The positions in the plate thickness direction and the axial direction are represented by x and z, respectively. It is assumed that the external surface of the vessel (x = 0) is thermally-insulated and heat transfer occurs between the inner surface (x = t) and fluid with the heat transfer coefficient, h. The thermal stratification range is represented by the range of z = 0~L. We discuss the case in which the fluid temperature profile is given by the following step function (in the case of L = 0 in Fig. 1 
Here, H(z) is a step function; H(z) = 0 for z < 0, and H(z) = 1 for z > 0. Using the eigenfunction expansion method (3) (4) , the steady-state vessel wall temperature, T(x, z), was obtained as the following equation.
Here, sgn(z) is a sign function; sgn(z) = -1 for z < 0, and sgn(z) = 1 for z > 0. Each term of the series is an eigenfunction that satisfies both the steady condition, [∇ 
Values calculated by the theoretical solution of wall-averaged temperature, Eq. (5), for Bi = 0.1, 1, 10, 100 are plotted in Fig. 2 with the note, (exact), in the legend. A smaller Bi and a larger z improves the convergence, respectively. Table 1 lists the lower limit of z above which the relative error to ΔT is smaller than 1% when approximated by the sum of finite series of n= 1, 2, 4 and 8. When Bi ≦ 1, the approximate calculation taking into account only the initial term (n = 1) can reduce the relative error 1% or less for z ≧ 0.01t. 
Simplified Equation based on Temperature Profile Method
The theoretical solution, Eq. (5), is convenient for the calculation on a PC and quite useful. However, it is not a simplified equation suitable for the design evaluation because it needs a series calculation and an eigenvalue calculation. Then, efforts were made to obtain an approximate solution that allows for easy calculation based on the temperature profile method (5) . The axial profile of wall-averaged temperature is approximated by the following equation by simply expressing the attenuation of the difference between fluid temperature and wall-averaged temperature in the z-axis direction as e -bz . 
Here, T in represents the inner surface temperature. Using this equation, heat flux at the vessel surface, q, can be approximated by the following equation.
Then the total heat flow from fluid to the vessel in the hot side (z > 0), Q, can be approximated by the following equation.
The heat flow from the hot side to the cold side across the z = 0 plane, Q, is given by the following equation. The bt values calculated for Bi = 0.1, 1, 10 and ∞ are listed in Table 2 compared with the first eigenvalue, p 1 t, in Eq. (3). Those data suggest that the coefficient b can be considered as an approximate solution of the eigenvalue p 1 . The values calculated by the approximate solution of wall-averaged temperature, Eq. (6), for Bi = 0.1, 1, 10 and 100 are listed in Fig. 2 with the note, (simple), in the legend. The maximum relative error to the theoretical solution, Eq. (5), is 0.01% for Bi = 0.1, 0.3% for Bi = 1, 2.0% for Bi = 10 and 3.3% for Bi = 100. Consequently, a high-precision easy-to-use approximate solution is obtained.
Cylindrical Shell Solution of Steady-state Thermal Stress
Young's modulus, thermal expansion coefficient, and Poisson's ratio of a vessel is represented by E, α and ν, respectively. When the vessel wall is considered as an axisymmetric cylindrical shell, the radially outward displacement, u(z), can be obtained as the solution of the following differential equation (2) (6) .
Here, p(z) is the inner pressure, and p(z) = 0 is assumed. T b (z) is the equivalent linear temperature difference between the inner and outer surfaces, representing the "inner surface temperature minus outer surface temperature" in the case that the temperature profile in the plate thickness direction is linearly approximated. Here, T b (z) = 0 is assumed. D is the flexural rigidity of a plate, and β is the shell coefficient that represents the attenuation of displacement and cross-sectional load in z-axis direction in the form of e -βz
. D and β is given by the following equations, respectively. The axial bending stressσ zb , circumferential membrane stress σ hm and circumferential bending stress σ hb is given by the following equations, respectively (2) (6) . 2 2 2 6 
Here, parameters, m and n, is given by the following equations, respectively. 
Here, S represents the nondimensional stress normalized by Eα∆T. In addition, the constant f is given by the following equation. 
Ramp-shaped Fluid Temperature Profile
The Green functions (3), (4) (indicial response functions) are derived from the temperature, displacement and stress of a vessel based on the step-shaped fluid temperature profile. When a fluid temperature profile in z-axis direction is given, the temperature, displacement and stress of a vessel in a steady state can be obtained by convolution integral. We discuss the case in which a ramp-shaped fluid temperature profile is given as shown in Fig. 1 . This profile is expressed by the following equations.
The G(z) terms in the following equations that are obtained from Eq. (6) with T 0 = 0 and ∆T = 1 express the approximate Green function solution of wall-averaged temperature of a vessel when the fluid temperature profile is given by a unit step function.
When the fluid temperature profile is given by a ramp-shaped function expressed by Eq. (29), the wall-averaged temperature of a vessel can be obtained by convolution integral as described in the following equation.
The wall-averaged temperature of a vessel was obtained by integrating Eq. (31) ( ) 
The stresses were obtained by substituting Eq. (33) Since both m and n are functions of b/β only, the nondimensional stress profiles, the plots of S with regard to βz, exclusively depend on the ratio of coefficients, b/β, and the nondimensional stratification section width, βL. The profiles approach the solutions for a step-shaped fluid temperature profile, when L approaches 0. Since one of the pair terms in the right side (either the z term or the (z-L) term) becomes negligibly small when L approaches ∞, the stresses, S terms, become inversely proportional to L. Practically, it is possible to regard as S ∝ 1/L when bL > π and βL > π 
Eqs. (37) and (38) are well-known solutions (2) . They are often used as simple evaluation formulas in conventional structural design, because of the simplicity that the stress is proportional to the geometry parameter R t and the temperature gradient T L ∆ ／ . However, it should be noted that these equations are applicable in the case where the vessel temperature corresponds to fluid temperature when b/β => ∞, and βL > π.
Verification by Comparison with FEM Analysis
3.1
Step-shaped Fluid Temperature Profile FEM analysis was performed assuming the case where the thermal stratification of the fluid (liquid sodium) contained in a reactor vessel of a large fast reactor occurs. The analysis conditions are as follows.
(1) Applied FEM code: FINAS (7) (2) Reactor vessel: SUS316FR, R = 5350mm, t = 50mm Fig. 4 with the note, (simple), in the legend. Both results agree well except the discrepancy of S hb for z < 3t. The discrepancy of S hb results from the assumption applied to the shell solution that the temperature difference in the plate thickness direction, T b , = 0. Since FEM analysis is a thermal stress analysis based on the axisymmetrical solid elements in which the heat transfer analysis result is utilized, T b is naturally taken into account. It was confirmed that the shell solution obtained once again by substituting the binomial approximation of T b into Eqs. (12), (15) to (17) leads to good agreement with FEM analysis for all stress components. However, it was decided that the shell solution taking into account T b is not included in this paper, because i) it doubles the Vol. 2, No. 4, 2008 number of terms in the stress solution, requiring too much space; and ii) the discrepancy in S hb has minimal effect on the maximum stress evaluation.
The temperature and stress profiles are symmetric with respect to the middle position, z = 0, and the middle temperature. Since this figure only plots the results in the hot section (z > 0), S zb and S hm shows the maximum negative (compressive) stress at the inner surface, respectively. In the cold section (z < 0), the maximum positive (tensile) stress occurs at the inner surface. The temperature and stress profiles are symmetric with respect to the middle position, z = L/2, and the middle temperature. Since this figure only plots the results in the hot section (z > L/2), S zb and S hm shows the maximum negative (compressive) stress at the inner surface, respectively. In the cold section (z < L/2), the maximum positive (tensile) stress occurs at the inner surface.
Simplified Thermal Stress Evaluation Chart
The nondimensional stress, S, exclusively depends on b/β and βL. Using this characteristic, simple charts that allow for the estimation of the maximum stress, S, and its generating position, ∆z, were Vol. 2, No. 4, 2008 developed, to propose a simplified thermal stress evaluation method using these charts. The S charts were developed for b/β> 0.5 and βL < 5. When b/β approaches 0, S approaches 0. S is approximately inversely proportional to L for βL > 5. The maximum stress position, ∆z, represents the outward distance from either end of the stratification section. In the cold section, the maximum tensile (positive) stress occurs at the inner surface for z = -∆z, while in the hot section, the maximum compressive (negative) stress occurs at the inner surface for z = L + ∆z. In addition, substituting z into Eq. (32) allows for easy calculation of the wall-averaged temperature, which is applicable to the reference temperature for material properties in structural design.
The maximum bending stress, S zb,max and its generating position, β∆z, is shown in Fig. 7 and Fig. 8 , respectively. The maximum membrane stress, S hm,max and its generating position, β∆z, is shown in Fig.  9 and Fig. 10 , respectively. The maximum stress intensity, S n,max and its generating position, β∆z, is shown in Fig. 11 and Fig. 12 , respectively. The stress intensity (Tresca's stress) becomes the maximum value at the outer surface, where σ z and σ h have opposite signs. A small prominence observed in Fig. 12 suggests the transition from the case that S n,max occurs adjacent to S hm,max to the case that S n,max occurs adjacent to S zb,max . Location of Szb,max It is found that the calculation based on the proposed charts can give accurate results. On the other hand, the conventional simple evaluation formulas lead to overestimation compared with the proposed method. The main error is caused by the use of the formulas beyond the applicable range,
Conclusion
To improve the accuracy of a simplified evaluation method of thermal stress in structural design, the theoretical analysis and FEM analysis have been performed on steady-state temperature and thermal stress of a cylindrical vessel that is subjected to thermal stratification, and the following results have been obtained.
(1) The theoretical solution of a steady-state temperature profile of a vessel and the approximate solution of the wall-averaged temperature based on the temperature profile method have been obtained. The wall-averaged temperature can be estimated with a high precision using the temperature attenuation coefficient, b.
(2) The shell theory solution for thermal stress using the approximate solution of the wall-averaged temperature based on the temperature profile method has been obtained. It has been demonstrated that
